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ABELIANIZATION OF THE UNIT GROUP OF AN INTEGRAL GROUP RING
ANDREAS BA¨CHLE, SUGANDHA MAHESHWARY, AND LEO MARGOLIS
Abstract. For a finite group G and U := U(ZG), the group of units of the integral group ring of G, we
study the implications of the structure of G on the abelianization U/U ′ of U . We pose questions on the
connections between the exponent of G/G′ and the exponent of U/U ′ as well as between the ranks of the
torsion-free parts of Z(U), the center of U , and U/U ′. We show that the units originating from known
generic constructions of units in ZG are well-behaved under the projection from U to U/U ′ and that
our questions have a positive answer for many examples. We then exhibit an explicit example which
shows that the general statement on the torsion-free part does not hold, which also answers questions
from [BJJ+18].
1. Introduction
A classical theorem attributed to I. Schur asserts that if the center Z(H) of a group H has finite index
in H , then H has a finite commutator subgroup H ′. Several variants of Schur’s result have been studied.
For example, B. H. Neumann proved that if H is a finitely generated group with finite commutator
subgroup, then H/Z(H) is finite [Neu51]. In this article, we are interested in the following variations of
Schur’s theorem for certain classes of groups. Let H be a group.
(1) Does [H : H ′] <∞ imply |Z(H)| <∞?
(2) Does |Z(H)| <∞ imply [H : H ′] <∞?
These assertions are not true in general: For example, by [Swa71, Corollary 10.2], the group SL2(Z[
√−2])
has infinite abelianization, yet it has finite center. In fact, for some interesting classes of groups, a positive
answer implies further structural results as we explain below. We provide more details and positive as
well as negative examples for (1) and (2) in Section 2.
The abelianization and the center of the unit group of an order in a finite-dimensional semi-simple
rational algebra are closely related throughK-theory. For instance, if O is an order in a finite-dimensional
semi-simple rational algebra with unit group U = U(O), then rankU/U ′ > rankK1(O) = rankZ(U),
where K1(O) = GL(O)/GL(O)′, and rankA denotes the torsion-free rank of a finitely generated abelian
group A (see e.g. [BJJ+18, Proposition 6.1]).
In this article, our main object of interest is the unit group U(ZG) of the integral group ring ZG of a
finite group G. In particular, as ZG is an order in the rational group algebra QG, we see that (1) holds
for the group U(ZG). As we are not interested in the influence of the coefficient ring Z on the structure
of U(ZG), we define the group V(ZG) of normalized units as the subgroup formed by elements of U(ZG)
of augmentation 1. Note that U(ZG)/U(ZG)′ ∼= C2 ×V(ZG)/V(ZG)′.
From now onwards, let G be a finite group and V := V(ZG).
The following variations of (2) appear natural for V :
(R1) Is rankV/V ′ = rankZ(V )?
(R2) Assume Z(V ) is finite. Is V/V ′ also finite?
The above questions address the free subgroup of V/V ′, while the ones listed next try to get hold of
its torsion elements. Denote by expH , the exponent of a group H , i.e., the greatest common divisor of
the orders of torsion elements of H .
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(E1) Is expV/V ′ = expG/G′?
(E2) Does expV/V ′ divide expG?
(P) If V/V ′ contains an element of order p, does G contain an element of order p, for every prime p?
As already observed, if V has finite abelianization, then the center of V is finite. Also, by the
Berman-Higman theorem (see e.g. [JdR16, Proposition 1.5.1]), we have that every central unit of fi-
nite order in ZG is trivial, i.e., it is an element of Z(G). Consequently, it follows that if V has finite
abelianization, then the center of V consists only of trivial units and in this case, G is known as a
cut group - central units trivial [BMP17]. This class of groups has been intensively studied lately
[BMP17, Mah18, Ba¨c18, BCJM18, Tre19, BBM20]. From yet another perspective, understanding V/V ′
can also be regarded as a first important step towards understanding the lower central series of V , an
important object for which very few results are available.
Surprisingly, little is known about the structure of V/V ′. Some examples have been studied in [SGV97,
SG00, SG01], but the only general result we are aware of is that (R1) has a positive answer in case QG has
no exceptional component (see Definition 2.5) [JOdRVG14, Theorem 6.3]. A crucial role in the proof of
this result was played by the so-called Bass units. The second important generic construction of units in
integral group rings are the so-called bicyclic units (see Section 3 for definitions). Using more constructive
methods, we generalize [JOdRVG14, Theorem 6.3]:
Theorem A. Let G be a finite group and let B be the subgroup of V = V(ZG), generated by the elements
of G, the bicyclic and the Bass units of ZG. If B has finite index in V , then rankV/V ′ = rankZ(V ),
i.e., (R1) has a positive answer.
In addition, we show that the torsion-free contribution by B to V/V ′ is completely under control and
that the torsion part satisfies (E2).
Proposition B. Let G be a finite group and let B the subgroup of V = V(ZG) generated by the elements
of G, the bicyclic and the Bass units of ZG. Denote by ϕ : V → V/V ′ the natural projection. Then
rankϕ(B) = rankZ(V ) and expϕ(B) divides expG.
The condition for the group B as in Theorem A to have finite index in V is a question of major interest
and has been verified for many classes of groups, see [JdR16, Chapters 11 and 12] and [Seh93, Chapter 3].
Amongst other classes, it is known to hold good for dihedral groups, which in lieu of Theorem A yields
that (R1) is true for these groups (Corollary 4.1). Consequently, (R1) and hence (R2) may also be true
for a group G, even if QG has exceptional component.
As supporting evidence for (E1), (E2) and (P), we give a positive answer for the strongest of these
assertions for the groups in Theorems C and D.
Theorem C. Let G be a dihedral group of order 2p, where p is an odd prime, and let V = V(ZG). Then
expV/V ′ = expG/G′, i.e., (E1) holds for G.
Abelianizations are not only interesting in their own right, but they are also closely related to geometric
group theory, for instance, to fixed point properties of group actions (see e.g. [Ser80, I.6.1 Theorem 15]).
Question (R2) is exactly Question (2) in the situation of units in integral group rings. It was recently
raised explicitly in the context of the study of fixed point properties of V [BJJ+18]. A positive answer
to (R2) for G proves a trichotomy [BJJ+18, Question 7.8, Proposition 7.9] which provides a very clear
picture of these fixed point properties for the unit group of an integral group ring. This question was the
starting point for this investigation. We provide a negative answer to (R2) disproving the trichotomy in
general (Example 5.5(ii)). We also answer two more questions from [BJJ+18] (Corollary 5.7).
Theorem D. Let G be a group and let V = V(ZG).
(1) If G is of order at most 15, then (R1) and (E1) have positive answers for G.
(2) There are non-abelian groups of order 16 for which (R1) has a positive answer. There is a group
of order 16 for which (R2), and hence also (R1), has a negative answer.
The proof of Theorem D is by studying several examples for many of which we obtain explicit descrip-
tions of the group V/V ′. In all cases where we calculate the isomorphism type of V/V ′, we find that (E1)
does hold. These examples might also lead to refined questions on the abelianization of the unit group.
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Note that traditionally major problems in the field came from observations on small examples, such as
the Zassenhaus Conjectures or questions on finite index subgroups. We are not aware of any negative
result to (E1), (E2) or (P). A motivation for (P) is also provided by a classical theorem from G. Higman’s
thesis [San81] that the torsion units of ZG perfectly reflect the prime spectrum of G, i.e., for each prime
p, V(ZG) contains an element of order p, if and only if G does.
For the precise structure of V/V ′, one naturally looks for a description of V , which is one of the
fundamental questions in the study of units in group rings. However, the complete answer is known
for very few groups. For the dicyclic group of order 12, and for two non-abelian groups of order 16,
we provide explicit presentation, in terms of generators and relations, for unit groups of their integral
group rings, which had not been known before. This can be seen as a contribution to [Seh93, Problem 17].
Another question which found major attention in the study of unit groups of integral group rings, is
the existence and structure of normal complements of the group base G in V , see e.g. [JdR16, Section
12.5] or [Seh93, Chapter 4]. We make use of results in this direction and our calculations to prove:
Proposition E. Let G be a finite group such that V = V(ZG) has a free normal complement, i.e.,
V = F ⋊G for some infinite cyclic or non-abelian free group F . Then rankV/V ′ = rankZ(V ) = 0 and
expV/V ′ = expG/G′, i.e., (R1) and (E1) have positive answers in this case.
The paper is structured as follows. We begin by discussing some groups and unit groups of orders
which have and some which do not have properties (1) and (2) in Section 2. In Section 3, we study
the behavior of Bass and bicyclic units under the abelianization of V(ZG) and prove Theorem A and
Proposition B. We then consider (E1) and (R1) for dihedral groups in Section 4 and prove Theorem C.
This is followed, in Section 5, by the explicit computations of the unit groups and their abelianizations,
for integral group rings of groups of small orders, for many of which we obtain (R1) and (E1). Also, it is
shown that (R2) does not hold in general. This section includes the proofs of Theorem D and Proposition
E. We finish with some remarks in Section 6.
2. Preliminaries and examples
Before turning our attention to unit groups of integral group rings, we shortly discuss more general
groups and give positive as well as negative examples for properties (1) and (2).
Example 2.1. A counterexample to (1) is given by the following: Let N be the direct product of
countably many Pru¨fer 2-groups C2∞ and let x be an involution acting on each of these direct factors by
inversion. Set G = N ⋊ 〈x〉. Then G has infinite center, consisting of 1 and all the involutions in N , but
has finite abelianization, as G′ = N .
Example 2.2. A counterexample to (2) is already given by a non-abelian free group F as its center is
trivial, whereas the rank of its abelianization is the number of generators of F . A periodic group with this
property is given by the natural wreath product G = Cp ≀Cp∞ , where the center of G is trivial while the
abelianization is isomorphic to Cp∞ . Also, as mentioned in the introduction, (2) fails for SL2(Z[
√−2]).
Moreover, by [Sch92, Table 1], also full unit groups of matrix rings over rings of algebraic integers might
fail to satisfy (2), for instance GL2(Z[
√−21]) has infinite abelianization, but finite center. A further
example is the unit group of an integral group ring given in Example 5.5(ii). More examples can be found
in [Wei77, Examples 6.4, 6.10].
Though (1) and (2) may not be true in general, it is still interesting to know the classes where they
are.
Example 2.3. As already stated in the introduction, (1) holds good for unit groups of integral group
rings of finite groups. Moreover, for any commutative ring R, (1) holds for the groups GLn(R), as we
have an epimorphism det : GLn(R)→ U(R) onto an abelian group and Z(GLn(R)) ∼= U(R).
Example 2.4. Groups with an infinite simple derived subgroup satisfy (2). For, if G is a group
such that G′ is simple and is of finite index in V, then clearly Z(G) is finite, as otherwise it would
have infinite intersection with G′. Infinite simple groups have been at the center of attention recently
[Hyd17, Nek18, SWZ19, BZ20]. It has been shown by J. Hyde that if G is a so-called vigorous group
of homeomorphisms of a Cantor space, the condition of G′ being simple can be described in geometric
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terms (see e.g. [Hyd17, Lemmas 3.3.5, 3.3.8, 3.4.2] or [BZ20, Proof of Theorem 3.4]). Another crite-
rion for groups of homeomorphisms of certain topological spaces to have simple commutator subgroup is
described in [Eps70]. This contributes an interesting class of examples where (2) has a positive answer.
We next discuss the situation for Wedderburn components of the rational group algebras. For many
questions on units of integral groups rings certain simple components in QG, so-called exceptional com-
ponents, need special treatment, since no generic results are available.
Definition 2.5. [JdR16, Definition 11.2.2] Let D be a finite dimensional division algebra over Q. The
n× n matrix algebra Mn(D) is called an exceptional component, if it is of one of the following types:
(I) n = 1 and D is a non-commutative division algebra other than a totally definite quaternion
algebra over a number field,
(II) n = 2 and D is Q, an imaginary quadratic extension of Q or a totally definite quaternion algebra
with center Q.
The division algebras D in (II) are exactly those division algebras over Q that have a maximal Z-order
with finite unit group [BJJ+18, Theorem 2.10]. (R2) fails in general for exceptional components of type
(II), see GL2(Z[
√−21]) in Example 2.2. But for those exceptional components of type (II) that actually
appear in the Wedderburn decomposition of rational group algebras QG for finite groups G, it has a
positive answer:
Proposition 2.6. Let G be a finite group and let A be a simple component of the rational group algebra
QG, which is not exceptional of type (I) and let O be a maximal order of A. Set U = U(O). Then
rankU/U ′ = rankZ(U). In particular, (1) and (2) have positive answers for U .
Proof. If A is not an exceptional component, then rankU/U ′ = rankZ(U) by [JOdRVG14, Proof of
Theorem 6.3]. So assume that A is exceptional. If A = M2(D) is of type (II) and actually appears in
some rational group algebra QG, then the division algebraD is one of the fields Q,Q(i),Q(
√−2),Q(√−3)
or one of the quaternion algebras
(
−1,−1
Q
)
,
(
−1,−3
Q
)
,
(
−2,−5
Q
)
by [EKVG15, Theorems 3.1 & 3.5]. The
groups GL2(Z), GL2(Z[i]), GL2(Z[
√−2]) and GL2(Z[ζ3]) have finite abelianization, see e.g. [Swa71,
Corollaries 5.3, 10.3, 6.3] for the imaginary quadratic fields. For the non-commutative cases see, e.g.
[BJJ+18, Corollary 3.14]. 
It follows that (R2) has a positive answer for maximal orders in QG, as for cut groups, components of
type (I) do not appear [BJJ+18, Proposition 6.10]. Yet for the order ZG, the question is more subtle,
since it does not reduce to maximal orders in the components, as we will see in Corollary 5.7. On the
other hand, as for many questions on division algebras, a general answer whether (2) holds for orders in
components of type (I) is not known.
3. Bicyclic units and Bass units
Let G be a finite group and let V = V(ZG). We want to study the behavior of bicyclic and Bass
units under the projection ϕ : V → V/V ′. We show that bicyclic units map to units of finite order and
Bass units contribute a free abelian subgroup whose rank is the same as the rank of the center of V .
Moreover, we show that given a bicyclic unit u, the order of ϕ(u) divides expG and this also holds for
those Bass units which project to elements of finite order. This will also yield the proofs of Theorem A
and Proposition B. For elements x, y in a group X , we denote x conjugated by y as xy := y−1xy and
[x, y] := x−1xy. Further, if x, y ∈ X are conjugate in X , we write x ∼X y. Note that u ∼V v clearly
implies ϕ(u) = ϕ(v).
3.1. Bicyclic units. We will use the following notation, which is a slight modification of that used in
[JdR16]. For a subgroup H of G and an element g in G, we write H˜ =
∑
h∈H h ∈ ZG and g˜ = 〈˜g〉.
Moreover for g, h ∈ G we denote
b(g, h) := 1 + (1− h)gh˜,
a bicyclic unit in V(ZG). As h˜(1 − h) = 0, it is easy to see that b(g, h)k = 1 + k(1 − h)gh˜ for k ∈ Z
and b(g, h)−1 = 1 − (1 − h)gh˜. A bicyclic unit b(g, h) is trivial, if and only if g normalizes 〈h〉, and is of
infinite order otherwise.
We show that any bicyclic unit u of V projects to an element of finite order in V/V ′. In fact, the order
of ϕ(u) divides the order of an element in G
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Proposition 3.1. Let g, h ∈ G be such that h is of order n. Then
n∏
k=1
[b(g, h)−1, hk] = b(g, h)n.
In particular, ϕ(b(g, h))n = 1.
Proof. Observe that h˜hk = h˜ for any k ∈ Z and that for any element w ∈ Z〈h〉 of augmentation 0, we
have h˜w = 0. This gives
[b(g, h)−1, hk] =(1 + (1 − h)gh˜)h−k(1− (1− h)gh˜)hk
=(1 + (1 − h)gh˜)(1 − (h−k − h−k+1)gh˜)
=1 + (1− h− h−k + h−k+1)gh˜.
Hence, we obtain
n∏
k=1
[b(g, h)−1, hk] =
n∏
k=1
(1− h− h−k + h−k+1)gh˜
= 1 +
n∑
k=1
(1− h− h−k + h−k+1)gh˜
= 1 + n(1− h)gh˜ = b(g, h)n. 
3.2. Bass units. If g ∈ G is of order n and k, m are positive integers such that k is coprime to n and
km ≡ 1 mod n, then
uk,m(g) := (1 + g + g
2 + ...+ gk−1)m +
1− km
n
g˜
is a Bass unit. A Bass unit uk,m(g), based on a non-trivial element g of G is trivial, i.e., an element of G,
if and only if k ≡ ±1 mod n, and is a unit of infinite order otherwise. The following rules are recorded
in [JdR16], but more visible in [JOdRVG14]. If k, l,m,m′, i are positive integers such that k and l are
coprime to n and km ≡ lm ≡ km′ mod n, then
uk,m(g) = ul,m(g), if k ≡ l mod n; (1)
uk,m(g)uk,m′(g) = uk,m+m′(g), (2)
uk,m(g)ul,m(g
k) = ukl,m(g), (3)
u1,m(g) = 1, (4)
u−1,m(g) = (−g)−m, (5)
uk,m(g)
i = uk,im(g), (6)
uk,m(g)
−1 = uk−1,m(g
k), where k · k−1 ≡ 1 mod n, (7)
un−k,m(g) = uk,m(g)g
−km, if (−1)m ≡ 1 mod n. (8)
Our goal here is to show that the group generated by the projections of the Bass units and trivial units,
i.e., the elements of G, in V/V ′ has the same rank as the center of V . Moreover, if for a Bass unit u, the
element ϕ(u) has finite order, say n, then n is the order of an element in G.
Lemma 3.2. Let g ∈ G be an element of order n and let l, m be integers such that lm ≡ 1 mod n.
Assume that g ∼G gl, say gh = gl for some h ∈ G, and let s be the order of l in U(Z/nZ). Then
s−1∏
i=1
[ul,m(g)
−1, hi] = ul,m(g)
s.
In particular, ϕ(ul,m(g))
s = 1.
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Proof. We write l−1 for an integer such that l·l−1 ≡ 1 mod n. First of all note that ul,m(g)hi = ul,m(gli).
So using (7) in the last equality we obtain
s−1∏
i=1
[ul,m(g)
−1, hi] =
s−1∏
i=1
ul,m(g)(ul,m(g)
−1)h
i
= ul,m(g)
s−1
s−1∏
i=1
(ul,m(g)
−1)h
i
= ul,m(g)
s−1
s−1∏
i=1
ul,m(g
li)−1 = ul,m(g)
s−1
s−1∏
i=1
ul−1,m(g
li+1). (9)
Note that gl
m−i
= gl
−i
. So first reordering factors and then using (3) over and over again, we have
s−1∏
i=1
ul−1,m(g
li+1) = ul−1,m(g)ul−1,m(g
ls−1)ul−1,m(g
ls−2)...ul−1,m(g
l2)
= ul−1,m(g)ul−1,m(g
l−1)ul−1,m(g
l−2)...ul−1,m(g
l−(s−2))
= ul−2,m(g)ul−1,m(g
l−2)...ul−1,m(g
l−(s−2)) = ul−3,m(g)ul−1,m(g
l−3)...ul−1,m(g
l−(s−2))
= ... = ul−(s−2),m(g)ul−1,m(g
l−(s−2)) = ul−(s−1),m(g) = ul,m(g).
Plugging this equality into (9), we obtain the claim of the lemma. 
The following fact follows directly from the formulas on Bass units, but is quite useful for us.
Lemma 3.3. Let g ∈ G be of order n and let l be an integer such that g ∼G gl. Assume that k is an
integer coprime to n and m is a positive integer satisfying km ≡ lm ≡ 1 mod n. Then
ϕ(uk,m(g)ul,m(g)) = ϕ(ukl,m(g)).
Proof. Let h ∈ G such that gh = gl. Then uk,m(g)h = uk,m(gl), so ϕ(uk,m(g)) = ϕ(uk,m(gl)). Hence
using (3) we have
ϕ(uk,m(g)ul,m(g)) = ϕ(uk,m(g
l)ul,m(g)) = ϕ(ukl,m(g)). 
We are now ready to prove our main observation of this section.
Proposition 3.4. Let B1 be the subgroup of V generated by the Bass units and trivial units in V . Then
rankϕ(B1) = rankZ(V ). Moreover, expϕ(B1) divides expG.
Proof. We first show that rankZ(V ) 6 rankϕ(B1). Denote by GL(ZG) the group of automorphisms of the
free ZG-module of countable rank, i.e., the group of “infinite matrices” over ZG which are invertible. The
group V embeds in GL(ZG) by acting on a rank 1 submodule. Recall that K1(ZG) = GL(ZG)/GL(ZG)
′
and note V ′ 6 GL(ZG)′. We hence have a (non-exact) sequence of surjections
B1 ։ ϕ(B1)(= B1/(B1 ∩ V ′))։ B1/(B1 ∩GL(ZG)′).
The last term is a subgroup of K1(ZG) which, by [JdR16, Corollary 11.1.3], has finite index in K1(ZG).
Hence rankK1(ZG) 6 rankϕ(B1). Also, by [JdR16, Corollary 9.5.10], we have rankK1(ZG) = rankZ(V ).
Therefore, rankZ(V ) 6 rankϕ(B1).
We next show that rankϕ(B1) 6 rankZ(V ). Note that the rank of the center of V equals nR − nQ,
where nQ denotes the number of Q-classes in G and nR denotes the number of R-classes in G. Here a
Q-class of an element g is defined as ∪(i,|g|)=1(gi)G (so nQ equals the number of conjugacy classes of cyclic
subgroups in G) and an R-class is a set of the form gG ∪ (g−1)G for g ∈ G. A proof for this well-known
fact can be found e.g. in [BBM20, Proposition 2.1].
Note that if for some g, g′ ∈ G we have g ∼G g′, then uk,m(g) ∼V uk,m(g′) and so ϕ(uk,m(g)) =
ϕ(uk,m(g
′)), for any suitable integers k,m. Also, in view of (3) the group generated by the elements
uk,m(g), where k and m vary over all admissible integers, is the same as the group generated by the
elements uk,m(g
i), for any integer i coprime to n. In particular, the group generated by the image of
Bass units uk,m(g) in V/V
′, where k and m vary over all admissible integers, is same, for any choice of g
in a Q-conjugacy class.
Let g ∈ G and let W be the subgroup of V/V ′ generated by all elements of the form ϕ(uk,m(g)), where
k and m take all admissible values. It hence suffices to show that the rank of W is at most the number
of R-classes contained in the Q-class of g subtracted by 1, as our goal is to obtain at most the number
nR − nQ when varying over all g ∈ G.
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Let mn be the number of positive integers smaller than n which are coprime to n, so that k
mn ≡ 1
mod n, for any integer k coprime to n. Moreover, in view of (6), for any m satisfying km ≡ 1 mod n,
we observe that uk,m(g) has finite order modulo 〈uk,mn(g)〉, as mn and m are both multiples of the
multiplicative order of k modulo n. It hence suffices to consider only the elements of the form uk,mn(g).
Let L = {1 6 l 6 n | g ∼G gl}. Then the number of real classes in the rational class of g equals mn|L| ,
if −1 ∈ L, and m2|L| otherwise. First note that, in view of Lemma 3.2, if l ∈ L, then ϕ(ul,mn(g)) has
finite order. Now, as un−k,m(g) = uk,m(g)g
−km (by (8)), we have that ϕ(uk,mn(g)) and ϕ(u−k,mn(g))
differ only by an element of finite order. Moreover, by Lemma 3.3, this is also the case for ϕ(uk,mn(g))
and ϕ(ulk,mn(g)) for any l ∈ L, as ϕ(ul,mn(g)) has finite order. Therefore, the number of elements of
the form ϕ(uk,mn(g)) which generate infinite cyclic groups, which are different modulo elements of finite
order is at most (mn|L| − 1), if −1 ∈ L and ( mn2|L| − 1), otherwise. This means exactly that the rank of W
is at most the number of R-classes contained in the Q-class of g subtracted by 1. We thus obtain that
rankϕ(B1) 6 nR − nQ = rankZ(V ). As we obtained rankZ(V ) 6 rankϕ(B1) already before, we have
rankZ(V ) = rankϕ(B1).
This equality of ranks together with the arguments in the last paragraph shows that ϕ(uk,m(g)), for
suitable k and m, has finite order, if and only if g ∼G g±k. Moreover, by Lemma 3.2, if g is of order n
and g ∼G gk, then the order of ϕ(uk,m(g)) divides s, the order of k in U(Z/nZ). As there is some h ∈ G
such that gh = gk, we conclude that the order of h is divisible by s and so the order of ϕ(uk,m(g)) divides
expG. Now consider un−k,m(g) under the assumption g ∼G gk. As un−k,m(g) = uk,m(g)g−km by (8)
we have ϕ(un−k,m(g)) = ϕ(uk,m(g))ϕ(g
−km). By the observation before, the order of the last expression
divides expG. Hence, we obtain that expϕ(B1) divides expG. 
Proof of Proposition B. This is an immediate consequence of Propositions 3.1 and 3.4. 
3.3. Finite index subgroups. The next easy general group-theoretical observation allows us to prove
Theorem A.
Lemma 3.5. Let V be a group and let B be a subgroup of finite index in V . Then rankV/V ′ 6 rankB/B′.
Proof. Let ϕ : V → V/V ′ be the natural projection. Then ϕ(B) has finite index in ϕ(V ), as vn ∈ B
for some v ∈ V implies ϕ(v)n ∈ ϕ(B). So, rankϕ(B) = rankϕ(V ). Now consider τ : B/B′ → ϕ(B),
bB′ 7→ bV ′. As B′ is a subgroup of V ′, we have that τ is surjective and thus rankB/B′ > rank im(τ) =
rankϕ(B). Putting together, we have rankV/V ′ 6 rankB/B′. 
We are now ready to prove that if the known generic constructions of units generate a large subgroup
in U(ZG), then the questions on ranks have a affirmative answers in its strong form.
Theorem A. Let G be a finite group and let B be the subgroup of V = V(ZG), generated by the elements
of G, the bicyclic and the Bass units of ZG. If B has finite index in V , then rankV/V ′ = rankZ(V ),
i.e., (R1) has a positive answer.
Proof. Let B be the subgroup of V = V(ZG) generated by the trivial, bicyclic and Bass units. Then, by
Propositions 3.1 and 3.4, we know that rankB/B′ 6 rankZ(V ). As B has finite index in V by assumption,
from [BJJ+18, Proposition 6.1] and Lemma 3.5, we obtain
rankZ(V ) 6 rankV/V ′ 6 rankB/B′ 6 rankZ(V ),
which implies the theorem. 
4. Dihedral groups
In this section, we study the abelianization of V(ZG) for a dihedral group G. We show that (R1) holds
for all dihedral groups and that also (E1) holds for dihedral groups of order 2p.
Corollary 4.1. Let G be a dihedral group and let V = V(ZG). Then rankZ(V ) = rankV/V ′, i.e., (R1)
has a positive answer.
Proof. By [Seh93, Theorem 23.1], the group generated by bicyclic and Bass units in V has finite index
in V . So, (R1) has a positive answer for G by Theorem A. 
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For the proof of (E1) for dihedral groups of order 2p, we use the description of the unit group given by
Passman and Smith [PS81] and a result on congruence subgroups.
Theorem C. Let G be a dihedral group of order 2p, where p is an odd prime and let V = V(ZG). Then,
expG/G′ = expV/V ′, i.e., (E1) holds for G.
Proof. Let G and V be as in the statement of the theorem. Since U(ZG) ∼= V ×C2 and G/G′ has order 2,
we show that the abelianization of U(ZG) is an elementary abelian 2-group, to obtain the desired result.
For this, we use the description of U(ZG) from [PS81, Theorem 3.7].
Let ζ be a primitive complex p-th root of unity, z = ζ+ ζ−1 and R = Z[z]. Let Q be the maximal ideal
of R containing p or equivalently, in the language of [PS81], the intersection of the ideal (ζ − ζ−1)Z[ζ]
of Z[ζ] with R. Note that R/Q ∼= Fp and z ≡ 2 mod Q. By [PS81, Theorem 3.7], the group U(ZG) is
isomorphic to the matrix group
U :=
{
A =
(
a b
c d
)
∈ GL2(R)
∣∣∣∣ det(A) ≡ ±1 mod Q and a+ c ≡ b+ d ≡ ±1 mod Q
}
and we identify U(ZG) with this group from now on.
Let
U1 = U ∩ SL2(R) and D =
〈 (
λ 0
0 1
) ∣∣∣∣ λ ∈ U(R), λ ≡ 1 mod Q
〉
6 U.
We first claim that U is generated by U1, D and ( 0 11 0 ). Note that the last matrix is in U . To prove the
claim, let A =
(
a b
c d
) ∈ U and det(A) = δ ≡ ±1 mod Q. If δ ≡ 1 mod Q, then also δ−1 ≡ 1 mod Q, so
that (
δ−1 0
0 1
)
A ∈ U1.
Hence A = ( δ 00 1 )A1, where A1 ∈ U1 and ( δ 00 1 ) ∈ D. Moreover, if δ ≡ −1 mod Q, then
(
−δ 0
0 1
) ∈ D and
in this case (
0 1
1 0
)(−δ−1 0
0 1
)
A ∈ U1,
so that A =
(
−δ 0
0 1
)
( 0 11 0 )A1 for some A1 ∈ U1 and
(
−δ 0
0 1
) ∈ D.
As Q is of finite index in R, for any unit r ∈ U(R) there is a number k such that rk ≡ 1 mod Q. This
means that for the abelian group D we have rankD = rankU(R). Moreover, as R is a totally real ring,
in view of Dirichlet’s Unit Theorem (see e.g. [JdR16, Theorem 5.2.4]), rankU(R) equals mR − 1, where
mR is the number of real embeddings of R. Now, the real embeddings of R are given by z 7→ ζk + ζ−k,
for some k ∈ Z such that k 6≡ 0 mod p. Hence, there are p−12 distinct real embeddings of R and
therefore rankD = rankU(R) = p−32 . Moreover, rankZ(U) = rankZ(U(ZG)) =
p−3
2 , as it equals
nR − nQ, the difference in number of real classes and the number of rational classes in G. Also, by
Corollary 4.1, rankZ(U) = rankϕ(U), where ϕ : U → U/U ′ denotes the natural projection. Hence,
rankD = rankϕ(U) = p−32 .
We first observe that it suffices to show that ϕ(U1) is an elementary abelian 2-group. For this, note
that because D, U1 and ( 0 11 0 ) generate U , we have that
p−3
2 = rankϕ(U) 6 rankϕ(U1)+rankϕ(D), as of
course the order of ϕ (( 0 11 0 )) divides 2. Since rankϕ(D) 6 rankD =
p−3
2 , this implies rankϕ(D) =
p−3
2 ,
which in other words means that no element of infinite order in D is mapped to an element of finite
order by ϕ and so expϕ(D) | expD. Furthermore, the torsion subgroup of D is isomorphic to a torsion
subgroup of U(R) which, again by Dirichlet’s Theorem, is isomorphic to C2, as −1 is the only non-trivial
root of unity in R. Hence, if ϕ(U1) is an elementary abelian 2-group, then so is ϕ(U).
Let ΓQ be the congruence subgroup of SL2(R) with respect to the ideal Q, i.e., the kernel of the
natural map SL2(R) → SL2(R/Q) ∼= SL2(Fp). Clearly ΓQ 6 U . We first show that ϕ(ΓQ) is an
elementary abelian 2-group. By [Ser70, Section 2.6, Corollary 3], the group ΓQ is generated by the
SL2(R)-conjugates of the matrices E(q) :=
(
1 q
0 1
)
, for q ∈ Q. We show that for each SL2(R)-conjugate
X of a matrix E(q), for q ∈ Q, there is an element Y ∈ U such that XY = X−1 and hence ϕ(ΓQ) is an
elementary abelian 2-group.
For this, first set Y =
(
−1 −2
0 1
) ∈ U . Then E(q)Y = E(−q) = E(q)−1. Now let S = ( a bc d ) ∈ SL2(R)
and E = E(q)S . Set C(t) := ( 1 t0 1 ) for t ∈ R and note that C(t) ∈ CSL2(R)(E(q)), the centralizer of E(q)
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in SL2(R), so that E = E(q)
C(t)S . It will hence suffice to show that there exists a t ∈ R such that Y C(t)S
is an element in U , as the property E(q)Y = E(q)−1 is of course invariant under conjugation.
Using ad− bc = 1, i.e., the fact that S lies in SL2(R), we obtain
Y S =
(−1− 2bc− 2cd −2bd− 2d2
2ac+ 2c2 −1 + 2ad+ 2cd
)
.
Moreover, C(t)S =
(
a+ tc b+ td
c d
)
, so
Y C(t)S =
(−1− 2(b+ td)c− 2cd −2(b+ td)d− 2d2
2(a+ tc)c+ 2c2 −1 + 2(a+ tc)d+ 2cd
)
.
We want to find a t ∈ R such that this matrix lies in U . As the determinant of this matrix is just the
determinant of Y , i.e.−1, this means that the sums of the columns should be congruent to each other
and congruent to ±1 modulo Q. Now the sum of the first column is −1+2c(−b− td− d+ a+ tc+ c) and
the sum of the second column is −1 + 2d(−b− td− d+ a+ tc+ c). Hence we have to find t such that
c(−b− td− d+ a+ tc+ c) ≡ d(−b− td− d+ a+ tc+ c) ≡ e mod Q (10)
where e ∈ {0, 1}. If c ≡ d mod Q, then using the fact ad− bc = 1, we observe that (10) is satisfied.
In case, c 6≡ d mod Q, then
−b− td− d+ a+ tc+ c ≡ 0 mod Q ⇔ t ≡ b+ d− a− c
c− d mod Q
and we can pick any t ∈ R satisfying this condition so that we have e = 0 in (10).
Therefore, in order to complete the proof, that also ϕ(U1) is an elementary abelian 2-group, it only
remains to show that if A1 ∈ U1 \ ΓQ, then the order of ϕ(A1) is a divisor of 2. Note that ΓQ is actually
a normal subgroup of U as it is a normal subgroup of GL2(R). Let π : U → U/ΓQ 6 GL2(Fp) be the
natural projection. From the conditions on the elements of U1, we get that π(U1) consists of matrices
of the form
(
1+a a
−a 1−a
)
and
(
−1+a a
−a −1−a
)
for some a ∈ Fp. These matrices are 2p in number and form a
cyclic group of order 2p, the involution in the group being
(
−1 0
0 −1
)
and an element of order p is given by
any matrix T (a) :=
(
1+a a
−a 1−a
)
, for a 6= 0. Denote by A, a matrix of U such that π(A) = T (a) for some
a 6= 0. Thus any element in U1 can be written as
(
−1 0
0 −1
)i
Ajγ for some integers i, j and some γ ∈ ΓQ.
It will hence be sufficient to show that the order of ϕ(A) is divisible by 2, as we have already shown this
for ϕ(γ) and it is obviously true for ϕ(
(
−1 0
0 −1
)
).
For this, let ϕ′ : U/ΓQ → (U/ΓQ)/(U/ΓQ)′ be the natural projection. Note that (U/ΓQ)/(U/ΓQ)′ =
U/(U ′ΓQ), as it is just the biggest abelian quotient of U which contains ΓQ in its kernel. Let π
′ : U/U ′ →
U/(U ′ΓQ) be the natural projection. Hence, we have a commutative diagram
U U/U ′
U/ΓQ U/(U
′ΓQ)
ϕ
π π′
ϕ′
Now T (a)π((
0 1
1 0 )) = T (a)−1, so that ϕ′(T (a)2) = 1 and hence ϕ′(T (a)) = 1, as T (a) has order p.
Consequently, ϕ′(π(A)) = 1 = π′(ϕ(A)). As kerπ′ = ϕ(ΓQ) is an elementary abelian 2-group by our
previous calculations, we get that the order of ϕ(A) is divisible by 2. 
In the next section, the abelianization of the dihedral groups of order 6 and 8 is calculated explicitly,
see Examples 5.1 and 5.2.
5. Explicit abelianization of some unit groups
In this section, we analyze the abelianization of the (normalized) unit group V := V(ZG) of an integral
group ring, for a group G, of order at most 16. In the process, we also compute the explicit structure of
the full unit group V = V(ZG) for certain of these groups, which is otherwise known for very few cases.
This can be seen as a contribution to [Seh93, Problem 17]. We use GAP [GAP19] in some of our proofs
and the code to check our claims can be downloaded from the GitHub repository [BMM20]. Eventually,
we prove the following:
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Theorem D. Let G be a group and let V = V(ZG).
(1) If G is of order at most 15, then (R1) and (E1) have positive answers for G.
(2) There are non-abelian groups of order 16 for which (R1) has a positive answer. There is a group
of order 16 for which (R2), and hence also (R1), has a negative answer.
If G is an abelian group, then so is V(ZG) and hence V/V ′ is finite, if and only if G is an abelian
cut group, i.e., an abelian group of exponent 1, 2, 3, 4 or 6. Moreover, if G = E × Q8, where E
denotes elementary abelian 2-group and Q8 denotes the quaternion group of order 8, then V = G and
V/V ′ = G/G′ = E×C2×C2. In all other cases, we have V ) G [Hig40]. Furthermore, if G is any abelian
group (not necessarily of exponent 1, 2, 3, 4 or 6), then V/V ′ = V = G×F , F being a finitely generated
group of rank 12 (|G| + n2 − 2c + 1), where |G| denotes the order of the group G, n2 is the number of
elements of order 2 in G and c is the number of cyclic subgroups of G [AA69, Theorem 4]. Clearly, for
all these groups, (R1) and (E1) hold good. Henceforth, we only consider non-abelian groups, which have
non-trivial units in the integral group ring.
Throughout this section, we denote by o(v), the order of element v and by v, we denote the image of
v ∈ V under the natural projection ϕ : V → V/V ′.
Example 5.1. [Groups of order 6] S3 := 〈a, b | a3 = 1, b2 = 1, ab = a−1〉. By [JP92] (see also [DJ03],
Theorem 2.1), we have V(ZS3) = 〈u0, u1, u2〉 ⋊ S3, where ui := b(a, aib), 0 6 i 6 2 (notation as in
Section 3). Observe that ua0 = u1, u
a
1 = u2, u
a
2 = u0, u
b
0 = u
−1
0 , u
b
1 = u
−1
2 , u
b
2 = u
−1
1 implying that
V(ZS3) = 〈a, b, u0, u1, u2 | a
3 = b2 = 1, ab = a−1, ua0 = u1, u
a
1 = u2, u
a
2 = u0, u
b
0 = u
−1
0 , u
b
1 = u
−1
2 , u
b
2 = u
−1
1 〉
and hence direct calculations yield,
V(ZS3)/V(ZS3)
′ = 〈b, u0 | b2 = u02 = 1, [b, u0] = 1〉 ∼= C2 × C2.
We conclude that (R1) and (E1) hold for S3. Alternatively, one could conclude that (R1) and (E1) hold
also using Proposition 3.1 and the description of the generators as bicyclic and trivial units.
Example 5.2. [Groups of order 8] The quaternion group of order 8, as discussed above trivially
satisfies (E1) and (R1). Now, for D8 := 〈a, b | a4 = 1, b2 = 1, ab = a−1〉, using [DJ03, Theorem 3.1], we
have that
V(ZD8) = 〈a, b, u0, u1, u2 | a
4 = b2 = 1, ab = a−1, ua0 = u2, u
a
1 = (u2u1u0)
−1, ua2 = u0, u
b
0 = u
−1
0
, ub1 = u2u1u0, u
b
2 = u
−1
2
〉,
where ui := b(a, a
ib), 0 6 i 6 2 and therefore,
V(ZD8)/V(ZD8)
′ = 〈a, b, u0, u1 | a2 = b2 = u02 = u12 = 1〉 ∼= C42 .
Again, (R1) and (E1) hold for D8, and this last conclusion also follows from Proposition 3.1.
It may be noted that Examples 5.1 and 5.2 have also been studied in [SGV97] and [SG01] respectively.
We recalculated for convenience and completeness.
Example 5.3. [Groups of order 12] We next consider non-abelian groups of order 12 and show that
(R1) and (E1) hold for all of these groups. The three non-abelian groups of order 12 are:
(i) A4, the alternating group on 4 elements;
(ii) D12 := 〈a, b | a6 = 1, b2 = 1, ab = a−1〉, the dihedral group of order 12; and
(iii) T := 〈a, b | a6 = 1, b2 = a3, ab = a−1〉, the dicyclic group of order 12 (IdSmallGroup(T)= [12,1]).
Observe that all these groups are cut groups. It turns out that for all these groups G, the abelianization
of the unit group V(ZG) is finite.
(i) It has been shown in [SG00] that for V = V(ZA4) we have V/V
′ ∼= C3, so (R1) and (E1) hold.
(R1) could also be concluded without explicit calculations, as QA4 does not have any exceptional
component.
(ii) Next, let G = D12. By Corollary 4.1 we know that (R1) holds for G. Moreover, by [Jes95,
Theorem 2], the group V is generated by bicyclic and trivial units.
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Recall that a bicyclic unit b(g, h) is non-trivial if and only if g does not normalize 〈h〉. As
elements of order 3 or 6 generate normal subgroups in G, whenever b(g, h) is a non-trivial bi-
cyclic unit, the element h must be of order 2. Hence, we conclude by Proposition 3.1 and the
fact that G/G′ ∼= C2×C2 that V/V ′ is an elementary abelian 2-group. Therefore, (E1) also holds.
(iii) We calculate the abelianization of V(ZT ) explicitly.
Let G = T := 〈a, b | a6 = 1, b2 = a3, ba = a5b〉. The unit group V = V(ZG) was studied in
[Par93, Theorem 4] using the same notation for the generators of the group. We have V(ZG) =
C⋊G where C is a free group of rank 5. In [Par93, Theorem 4] explicit generators of C are given.
To obtain the relations in the group V/V ′, we write down the conjugates xai and x
b
i for each
1 6 i 6 5, obtained using GAP:
(1a) xa1 = x2
(1b) xb1 = x
−1
1
(2a) xa2 = x3
(2b) xb2 = x
−1
3
(3a) xa3 = x1
(3b) xb3 = x
−1
2
(4a) xa4 = x2x
−1
4 x5
(4b) xb4 = x
−1
1 x5x
−1
3
(5a) xa5 = x2x
−1
4 x1
(5b) xb5 = x
−1
1 x4x
−1
2
Clearly, (1a),(2a) and (3a) imply that x1 = x2 = x3 and it follows from (1b) that o(x1)
divides 2. In view of these conclusions and the fact that V/V ′ is abelian, (4b) yields that x4 = x5.
Consequently, (4a) yields that x4 = x1. Overall, xi = xj for all 1 6 i, j 6 5 and we conclude
from all relations that x1 has order 2.
Furthermore, a = b
2
and a = a−1. Putting together, we obtain V/V ′ ∼= 〈x1, b〉 ∼= C2 ×C4. We
conclude that (R1) and (E1) hold for T . Note that the explicit presentation of V has not been
given before in the literature.
Example 5.4. [Groups of orders 10 and 14] The only non-abelian groups of order 10 and 14 are
dihedral. None of these groups is a cut group, and hence the abelianization of the unit group is not finite.
It follows from Corollary 4.1 and Theorem C that both (R1) and (E1) have affirmative answers for these
groups.
Example 5.5. [Groups of order 16] There are nine non-abelian groups of order 16. We are able to
answer (R1) for five of those. For four groups we prove (R1), while for one group we show that (R2), and
hence also (R1), does not hold. We prove (E1) for four of the groups, and for the others it remains open.
(i) Three
groups for which (R1) and (E1) holds.
– If G = Q8 × C2 (IdSmallGroup(G) = [16,12]), then as mentioned in the beginning of the
section, the unit group consists solely of trivial units and V/V ′ ∼= C2 × C2 × C2. Clearly,
(R1) and (E1) hold good, in this case.
– Let G = D8 × C2 (IdSmallGroup(G)=[16,11]) and V = V(ZG). By [Jes95, Theorem 3],
the group V is generated by bicyclic units and trivial units. If b(g, h) is a non-trivial bicyclic
unit, then h must be of order 2, as elements of order different from 2 generate a normal
subgroup in G. Hence, by Proposition 3.1, we know that the order of ϕ(b(g, h)) is divisible
by 2. We conclude that (R1) and (E1) hold for G.
– If G = P := 〈a, b | a4 = 1, b4 = 1, ab = a−1〉 (IdSmallGroup(G) = [16,4]), the unit group
V(ZG) was studied in [JL91, Theorem 5.1]. It is proved that V(ZG) = C ⋊G where C is a
free group of rank 9 and an explicit set of generators of C is given.
Proceeding as for the group T , in Example 5.3, we write down the relations in the group,
by computing the conjugates vai and v
b
i for each 1 6 i 6 9, using GAP as listed below:
(1a) va1 = v3v2
(1b) vb1 = v
−1
2 v
−1
3
(2a) va2 = v3v1
(2b) vb2 = v
−1
2
(3a) va3 = v
−1
3
(3b) vb3 = v
−1
1 v2
(4a) va4 = v3v
−1
5 v7v9v
−1
6 v1
(4b) vb4 = v
−1
4
(5a) va5 = (v
−1
5 v7v9v8)
v−13
(5b) vb5 = v
−1
4 v
−1
8 v
−1
6 v2
(6a) va6 = (v2v
−1
4 v
−1
9 v
−1
7 v5)
v−13
(6b) vb6 = v
−1
2 v
−1
5 v8v4
(7a) va7 = (v9v8)
v−17 v5v
−1
3
(7b) vb7 = (v
−1
8 v
−1
9 )
v4
(8a) va8 = (v7v9)
v5v
−1
3
(8b) vb8 = (v
−1
8 )
v4
(9a) va9 = (v
−1
9 )
v−17 v5v
−1
3
(9b) vb9 = (v
−1
7 v8)
v4
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From (2b) and (3a) we have that o(v2) and o(v3) divide 2 and from (1a) we then also get
that o(v1) divides 2. Also from (1a) we have v1v2v3 ∈ ker(ϕ), so ϕ(〈v1, v2, v3〉) embeds in
a C2 × C2. Similarly, it follows from (7a)-(9b), that ϕ(〈v7, v8, v9〉) embeds in a C2 × C2.
Furthermore, by (4b) we have that o(v4) divides 2 and as v7v8v9 ∈ ker(ϕ), therefore by (5a)
we also have that o(v5) divides 2. Consequently, (5b) implies that o(v6) divides 2, so that
ϕ(〈v4, v5, v6〉) embeds in a C2×C2×C2. Finally, observing from (5b), v2v4v5v6v8 ∈ ker(ϕ),
equivalently, v4v5v6 = v2v8, and checking all relations, we obtain ϕ(C) ∼= C62 . Since,
G′ = 〈a2〉 and G/G′ ∼= C4 × C2, it follows that V/V ′ = ϕ(V(ZG)) ∼= C4 × C72 . In par-
ticular, (R1) and (E1) hold for P .
Observe that the relations of the group G and the relations listed in (1a)-(9b), yield a com-
plete set of defining relations of the unit group V , which has also not been known before.
Using this presentation of V , one can also use GAP to conclude V/V ′ ∼= C4 × C72 .
Note: There was a mistake in [JL91, Theorem 5.1], as the 9th generator given there is not
a unit in ZG, the origin of the mistake being probably a calculation mistake in the solution
of certain linear equations. However, checking the calculations in the last paragraph of the
proof, we could rectify this mistake and check that the other generators are given correctly.
In fact,
v9 = 1 + (2 − 20a− 9b+ 18ab)(1− a2)(1 + b2).
(ii) A group for which (R2) does not hold, but (E1) does.
If G = D+16 := 〈a, b | a8 = b2 = 1, ab = a5〉 (IdSmallGroup(G) = [16,6]), the unit group
V(ZG) has been studied in [JL91], [JP93] and [PdRR05]. It is proved that D+16 has a torsion-free
normal complement K in the unit group and a presentation of K is given in [PdRR05, Theorem
5.3]. The explicit action of the group base on K is not given there, but can be computed by
[JL91, Proposition 3.1], via a =
(
0 −i
−1 0
)
and b =
(
1 0
0 −1
)
.
Generators of the complement are called A0, A1, Pj , Qj, Rj and Sj for 0 6 j 6 3. We list the
full action of the group base on K, obtained using GAP.
(A0a) A
a
0 = P
−1
1 A0P3
(A0b) A
b
0 = A
−1
0
(A1a) A
a
1 = P
−1
0 A
−1
1 P2
(A1b) A
b
1 = A
−1
1
(P0a) P
a
0 = P
−1
2
(P0b) P
b
0 = P2
(Q0a) Q
a
0 = P
−1
2 Q
−1
3 P3
(Q0b) Q
b
0 = Q2
(R0a) R
a
0 = P
−1
0 A
−1
1 Q
−1
3 S3
(R0b) R
b
0 = R2
(S0a) S
a
0 = P
−1
2 S
−1
3 P3
(S0b) S
b
0 = S2
(P1a) P
a
1 = P
−1
1
(P1b) P
b
1 = P3
(Q1a) Q
a
1 = P
−1
1 Q
−1
2 P2
(Q1b) Q
b
1 = Q3
(R1a) R
a
1 = P
−1
0 Q
−1
1 A0S2
(R1b) R
b
1 = R3
(S1a) S
a
1 = P
−1
1 S
−1
2 P2
(S1b) S
b
1 = S3
(P2a) P
a
2 = P
−1
0
(P2b) P
b
2 = P0
(Q2a) Q
a
2 = P
−1
0 Q
−1
1 P1
(Q2b) Q
b
2 = Q0
(R2a) R
a
2 = P
−1
2 A1Q
−1
1 S1
(R2b) R
b
2 = R0
(S2a) S
a
2 = P
−1
0 S
−1
1 P1
(S2b) S
b
2 = S0
(P3a) P
a
3 = P
−1
3
(P3b) P
b
3 = P1
(Q3a) Q
a
3 = P
−1
3 Q
−1
0 P0
(Q3b) Q
b
3 = Q1
(R3a) R
a
3 = P
−1
1 A0Q
−1
0 S0
(R3b) R
b
3 = R1
(S3a) S
a
3 = P
−1
3 S
−1
0 P0
(S3b) S
b
3 = S1
Again, as in previous case, the relations of the group and the relations listed above, yield a
complete set of defining relations of the unit group V := V(ZD+16). This presentation has also
not been known before.
A way to easily verify that V/V ′ is infinite is the following: Define a map κ : V = K ⋊ G →
W = 〈x〉 ∼= C∞ by
κ(a) = κ(b) = κ(Ai) = κ(Pi) = κ(Qi) = 1,
κ(Sj) = κ(Rℓ) = x, κ(Sℓ) = κ(Rj) = x
−1,
where i ∈ {0, 1, 2, 3}, j ∈ {0, 2} and ℓ ∈ {1, 3}. Apart from the action of G on K, the relations
inside of K are the following by [PdRR05, Theorem 5.3]. Here we use the substitutions A2 = A
−1
0
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and A3 = A
−1
1 .
1 = [A0, A1] = R1R2R3R0 = S3S2S1S0
= S−13 R2S
−1
1 R0 = S
−1
0 R3S
−1
2 R1
= P−13 A
−1
0 Q
−1
2 A
−1
0 Q1P0 = R
−1
0 A1Q0S
−1
0 P0 = S
−1
0 Q0R
−1
0 A1P0
= P−10 A
−1
1 Q
−1
3 A
−1
1 Q2P1 = R
−1
1 A
−1
0 Q1S
−1
1 P0 = S
−1
1 Q1R
−1
1 A
−1
0 P1
= P−11 A0Q
−1
0 A0Q3P2 = R
−1
2 A
−1
1 Q2S
−1
2 P0 = S
−1
2 Q2R
−1
2 A
−1
1 P2
= P−12 A1Q
−1
1 A1Q0P3 = R
−1
3 A0Q3S
−1
3 P0 = S
−1
3 Q3R
−1
3 A0P3
One can now easily check that all these relations are satisfied by the images of κ and κ is
indeed a homomorphism. Hence κ is a surjective group homomorphism from V onto an in-
finite abelian group. As any abelian image of V is an image of V/V ′, we conclude that V/V ′
is infinite. On the other hand, G is a cut group. Consequently, (R2) and hence (R1) does not hold.
Using GAP, we check that V/V ′ ∼= C∞ × C4 × C52 . Hence (E1) holds for G.
Note: In [PdRR05], there is a typographical error in the definition of the generating elements.
Namely, on page 3232 the elements gi should be defined as α
igα−i instead of α−igαi.
(iii) A group for which (R1) holds, but (E1) remains unknown.
If G = D16 (IdSmallGroup(G) = [16,7]), the dihedral group of order 16, then (R1) holds by
Corollary 4.1.
(iv) The remaining four groups.
– If G = D := 〈a, b, c | a2 = b2 = c4 = 1, ac = a, bc = b, ab = c2ab〉 (IdSmallGroup(G) =
[16,13]), or G = D−16 := 〈a, b | a8 = b2 = 1, ab = a3〉 (IdSmallGroup(G) = [16,8]), the
unit group V(ZG) has also been studied in [JL91], [PdRR05] and [PdR06], and one could,
in principle, compute the abelianization of their unit groups, analogous to the case of D+16.
– If G = H := 〈a, b | a4 = b4 = (ab)2 = 1, (a2)b = a2〉 (IdSmallGroup(G)=[16,3]), then G
is a group of exponent 4 and hence there are no non-trivial Bass units in its integral group
ring. But, in view of [JP93, Corollary 7], the bicyclic and Bass units do not generate a
subgroup of finite index in the full unit group. Though H is a cut group, but since QH has
exceptional component, we cannot conclude if the abelianization of the unit group for this
group is finite or not.
– For G = 〈a, b | a8 = 1, b2 = a4, ab = a−1〉 (IdSmallGroup(G)=[16,9]), the quaternion group
of order 16, exceptional components of both types arise. We can not decide on (R1) or (E1).
Clearly, the unit group has infinite abelianization, as G it is not a cut group.
The following remark implies in particular a proof of Proposition E.
Remark 5.6. By [Jes94], a group G has a normal free complement in the normalized unit group
V = V(ZG), if and only if G is a symmetric group of degree 3, a dihedral group of order 8, the
dicyclic group T of order 12 (IdSmallGroup(T)=[12,1]) or the semidirect product P = C4 ⋊ C4
(IdSmallGroup(P)=[16,4]). Using the computations done above, we observe that for these groups,
• G = S3: expG/G′ = 2, V/V ′ ∼= C2 × C2.
• G = D8: expG/G′ = 2, V/V ′ ∼= C42 .
• G = T : expG/G′ = 4, V/V ′ ∼= C4 × C2.
• G = P : expG/G′ = 4, V/V ′ ∼= C4 × C72 .
Hence, (E1) and (R1) hold good, for the groupsG, which have a normal free complement in the normalized
unit group V(ZG).
We saw in Proposition 2.6 and the comment following it, that question (2) has a positive answer for
maximal orders in rational group algebras QG. Now we will show that the situation for unit groups of
the order ZG is more complicated. In doing this, we obtain answers to three questions from [BJJ+18].
As pointed earlier, these type of questions were the original motivation for this article.
Corollary 5.7. Questions 6.4, 7.8 and 8.3(1) from [BJJ+18] have negative answers, i.e.:
(1) If O1 and O2 are two orders in a finite dimensional simple Q-algebra, then the abelianization of
U(O1) can be finite though the abelianization of U(O2) is not.
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(2) If G is a cut group, the trichotomy statement of fixed point properties of U(ZG) described in
[BJJ+18, Question 7.8] is not necessarily true. More precisely, there is a cut group G such that
U(ZG) neither has the property (HFA), nor the property (FA), nor is a non-trivial amalgamated
product with finite abelianization, see [BJJ+18] for the definitions.
(3) There is a group G such that U(ZG) does not have property (FA), but U(Oi) does for every i.
Here QG ∼= ∏Mni(Di) for certain division algebras Di and Oi is a maximal order in Mni(Di)
for each i.
Proof. All proofs are based on Example 5.5(ii), i.e., G = D+16 = 〈a, b | a8 = b2 = 1, ab = a5〉.
(1) We haveQG ∼= 4Q×2Q(i)×M2(Q(i)): This follows from the facts that G′ = 〈a4〉, G/G′ ∼= C4×C2
and that a 7→ ( 0 −i−1 0 ) , b 7→ ( 1 00 −1 ) is an irreducible representation of G. Clearly, G is a cut group.
Since QG does not have a non-commutative division algebra as simple component and the center
of a maximal order is finite, the unit group of a maximal Z-order in QG has finite abelianization
by Proposition 2.6. On the other hand, ZG is also an order in QG, but U(ZG) has infinite
abelianization by Example 5.5(ii), so we obtain (1).
(2) It is proved in [BJJ+18, Proposition 7.9] that a positive answer to [BJJ+18, Question 7.8] for
a cut group H is equivalent to U(ZH) having finite abelianization. As this does not hold true
for G, we obtain a negative answer. Moreover, in all the three properties listed in [BJJ+18,
Question 7.8] the abelianization of the unit group is finite, hence none of them holds for G. This
is the statement of (2).
(3) Follows from the fact that for G in each Wedderburn component of QG, a maximal order has
either finite unit group or is isomorphic to M2(Z[i]) and that GL2(Z[i]) has property (FA), see
[Ser80, Exercise 5 of Section I.6.5] . 
6. Remarks
We provide several relevant observations.
Remark 6.1. As mentioned in the introduction, the question whether Bass and bicyclic units generate
a subgroup of finite index in V(ZG), is of major importance in the study of units in group rings. Here
we recover a result of [JP93], namley that this is not the case for D+16. By Example 5.5(ii), we know
that (R1) has a negative answer for D+16 and hence Theorem A implies that the subgroup of V(ZD
+
16)
generated by the Bass and bicyclic units has to be of infinite index in V(ZD+16).
Remark 6.2. Let G = D+16 as in Example 5.5(ii). In [DJR07, Theorem 3.1] a (non-explicit) set of units
generating V = V(ZG) was described, given by Bass units and unitary units. Hence, by the result of
Propositions 3.4, Lemma 3.5 and Example 5.5, we conclude that there must be a unitary unit u such
that ϕ(u) has infinite order, although G is a cut group. This is in contrast with the behavior of bicyclic
and Bass units, as exhibited in Propositions 3.1 and 3.4.
Remark 6.3. While the question of generating subgroups of finite index in V = V(ZG) has found a lot
of attention, finite quotients of V and their properties have not been explicitly investigated so far to our
knowledge. Our results suggest that at least some classes of finite quotients of V can have interesting
properties which are determined by G. But it should be noted that a question of type (P) has easy
negative solutions for general finite quotients of V .
Indeed, let G = S3 and let a be an element of order 3 in G and b be an involution. Then, as explained
in Example 5.1, V ∼= F ⋊ S3, where F is a free group of rank 3 generated, say by x, y and z, such that
xa = y, ya = z, zb = z−1 and xb = y−1. Let n be any integer and let
N = 〈〈[x, y], [y, z], [z, x], xn, yn, zn〉〉V
where 〈〈S〉〉V means the smallest normal subgroup of V containing the elements of S. Then V/N ∼=
(Cn × Cn × Cn)⋊ S3. Hence the exponent of finite quotients of V can be divisible by any integer.
As a more trivial example, one could consider the images of an abelian group, e.g., V(ZC5) ∼= C5×C∞
has finite images of arbitrary order.
Remark 6.4. Proposition E is not just a consequence of the fact that V is the semidirect product of
a free normal subgroup F and a finite group G, even when we assume that G acts faithfully on F . For
instance for V = F⋊C2, where F is a free group generated by 2 elements and the C2 acts by interchanging
those generators, Z(V ) = 1 is finite, but V/V ′ ∼= C∞ × C2 is not.
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